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Abstract
We examine functions which are infinite products of Borel measurable functions. We show that if α > 1, then each Baire class α
function is the infinite product of some sequence of functions from the previous classes, and characterize those Baire one functions
which are infinite products of continuous functions.
© 2008 Elsevier B.V. All rights reserved.
MSC: primary 26A21; secondary 26A15
Keywords: Baire class α; Infinite product of functions
The letters R and N denote the real line and the set of positive integers, respectively. For each set A ⊂ R, we use
the symbols clA, bdA, and χA to denote the closure, the boundary, and the characteristic function of A, respectively.
The word function denotes a mapping from R into R unless otherwise explicitly stated. If f is a function and a ∈ R,
then we define [f = a] df= {x ∈ R: f (x) = a}; similarly we define the sets [f > a] and [f < a]. We say that f is
Darboux, if it has the intermediate value property.
First recall the standard Baire classification of real functions.














for each nonzero ordinal α. (We require the pointwise convergence of the above sequence.)
In this paper we will investigate infinite products of functions.
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∏
n∈N fn is pointwise
convergent to some function f (i.e., if limm→∞ f1(x) · · ·fm(x) = f (x) for each x ∈ R), then we call f the (infinite)
product of the sequence (fn) and write f =∏n∈N fn.
Remark 3. In calculus it is standard to call an infinite product of real numbers divergent, if the sequence of its partial
products is convergent to 0; in particular, we do not allow the factors to be equal to 0. Notice that this is not the case
in the above definition.
For brevity, we introduce the following notation.
Definition 4. If F is any family of functions, then the symbol ΠB1(F ) denotes the family of all infinite products of
sequences of functions from F .
In this article we examine the families ΠB1(F ), when F is the Baire class α, where α  0.
First we deal with the family of continuous functions. To formulate the characterization, we need yet another class
of functions.
Definition 5. Let M denote the family of all functions f with the following property:
(∀a < b) (f (a)f (b) < 0 ⇒ (a, b) ∩ [f = 0] = ∅).
The family M was introduced by Ceder [1]. He proved that a function f is a (finite) product of Darboux functions
iff f ∈ M. In particular, each Darboux function belongs to M.
We will need the following property of the class M.
Proposition 6. The family M is closed with respect to infinite products; i.e., ΠB1(M) = M.
Proof. First let f =∏n∈N fn for some sequence (fn) ⊂ M. Take any a < b with f (a)f (b) < 0. By definition, we
can find N ∈N such that∣∣∣∣∣
N∏
n=1
















Consequently, there is an n  N such that fn(a)fn(b) < 0. Since fn ∈ M, we have fn(x) = 0 for some x ∈ (a, b).
Clearly f (x) = 0 as well.
Now let f ∈ M. Define f1 df= f and let fn df= χR for each n > 1. Then evidently (fn) ⊂ M and f =∏n∈N fn. 
Theorem 7. ΠB1(B0) = M ∩B1.
Proof. First let f =∏n∈N fn for some sequence (fn) ⊂ B0. By Proposition 6, we obtain f ∈ M. Since the sequence
of the partial products of
∏
n∈N fn consists of continuous functions and it is pointwise convergent to f , we conclude
that f ∈ B1.
Now let f ∈ M ∩B1. By definition, there is a sequence (gk) consisting of continuous functions pointwise conver-
gent to f . For each k ∈N define
h−k
df= min{gk,−k−1} and h+k df= max{gk, k−1}.
Observe that each function h− and h+ is continuous and nonzero.k k
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ascending sequences of compact sets such that
F−1 = F+1 = ∅, [f < 0] =
⋃
k∈N




Proceeding by induction, we will define a sequence (fn) consisting of continuous functions such that for each
k ∈N:
if x ∈ F−k , then
∏k
n=1 fn(x) = h−k (x), (1)
if x ∈ F+k , then
∏k
n=1 fn(x) = h+k (x), (2)







{−h−k (x), h+k (x)}. (4)
For m = 1 we define fm df= χR.
Assume that m > 1 and we have defined continuous functions f1, . . . , fm−1 such that the above conditions are
fulfilled for each k < m. Let Im be the family of all connected components I of the set R \ (F−m ∪ F+m ) such that
bd I ∩ F−m = ∅ = bd I ∩ F+m . Observe that since the sets F−m and F+m are compact and disjoint, the family I is finite.






df= [πm = 0] ∪ {xI : I ∈ Im},
and notice that
Zm is a finite subset of the set [f = 0]. (5)
Let Jm,1, . . . , Jm,Nm be all connected components of the set R \ Zm. Fix an i Nm and notice that
Jm,i ∩ F−m = ∅ or Jm,i ∩ F+m = ∅,
since otherwise Jm,i would contain some I ∈ Im, which is impossible. We will construct a continuous function
ϕm,i : clJm,i → R such that
if x ∈ Jm,i ∩ F−m , then ϕm,i(x) = h−m(x)/πm(x), (6)
if x ∈ Jm,i ∩ F+m , then ϕm,i(x) = h+m(x)/πm(x), (7)
[ϕm,i = 0] = bdJm,i . (8)
(Recall that by definition, [πm = 0] ⊂ Zm ⊂ R \ Jm,i .)
If Jm,i ∩ F−m = ∅, then put
am,i
df= min(Jm,i ∩ F−m ) and bm,i df= max(Jm,i ∩ F−m ),





h−m(x)/πm(x) if x ∈ [am,i, bm,i],
0 if x ∈ bdJm,i ,
linearly in [infJm,i, am,i] if infJm,i > −∞,
h−m(am,i)/πm(am,i) if −∞ = infJm,i < x < am,i ,
linearly in [bm,i, supJm,i] if supJm,i < ∞,
h−m(bm,i)/πm(bm,i) if bm,i < x < supJm,i = ∞.
If Jm,i ∩ F+m = ∅, then we proceed analogously.
Finally if Jm,i ∩ F−m = Jm,i ∩ F+m = ∅, then let ϕm,i : clJm,i →R be any continuous function fulfilling (8).
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fm(x)
df= min{∣∣ϕm,i(x)∣∣, max{∣∣h−m(x)/πm(x)∣∣, ∣∣h+m(x)/πm(x)∣∣}} · sgnϕm,i(x)





∣∣ϕm,i(t)∣∣= ∣∣ϕm,i(x)∣∣= 0 = fm(x).
So, fm is continuous.
Now we will show that conditions (1)–(4) are fulfilled. If x ∈ F−m , then x ∈ Jm,i for some i Nm. Hence by (6),
m∏
n=1
























Analogously we can show that if x ∈ F+m , then
∏m
n=1 fn(x) = h+m(x).
Condition (3) follows from the equality [fm = 0] = Zm and (5).


















This completes the induction step.
To complete the proof we will show that f =∏n∈N fn. Fix any x ∈ R. If f (x) < 0, then x ∈ F−k for some k ∈ N.
Hence by (1), for each m k, we have
m∏
n=1




Similarly, if f (x) > 0, then for sufficiently large m, by (2), we have
m∏
n=1












{−h−m(x),h+m(x)}= max{−min{f (x),0},max{f (x),0}}= ∣∣f (x)∣∣= 0.
We have verified that limm→∞
∏m
n=1 fn(x) = f (x) for each x ∈R. This completes the proof. 
Now we turn to the case of Baire class α, where α > 1. We will prove a slightly more general theorem.
Theorem 8. If α > 1, then ΠB1(
⋃
β<α Bβ) = Bα .
Proof. First let f = ∏n∈N fn for some sequence (fn) ⊂ ⋃β<α Bβ . For each n ∈ N we have fn ∈ Bβn for some
βn < α. Then for each m ∈ N, we have
m∏
n=1




Since f = limm→∞∏mn=1 fn, we conclude that f ∈ Bα .
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let hn ∈⋃β<α Bβ be such that [hn = 0] = ∅ and |gn − hn| < n−1 on R. (See, e.g., [2, Theorem 31.VIII.3].) Define
f1
df= h1 and let fn df= hn/hn−1 for each n > 1. Then evidently (fn) ⊂⋃β<α Bβ and f =∏n∈N fn. 
In particular, if α is a successor, then we have the following corollary.
Corollary 9. If α  1, then ΠB1(Bα) = Bα+1.
Remark 10. Analyzing the proof of Theorem 8, one can easily see that claims analogous to Theorem 8 and Corol-
lary 9, in which we consider real functions defined on an arbitrary metric space, also hold true.
The following problem is open.
Problem 11. Characterize the family ΠB1(M ∩B1). Is this family equal to M ∩B2?
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